ON HYPERCOMPLEX NUMBER SYSTEMS*®

(FIRST PAPER)
BY

HENRY TABER

Introduction.

The method invented by BENJAMIN PEIRCET for treating the problem to
determine all hypercomplex number systems (or algebras) in a given number of
units depends chiefly, first, upon the classification of hypercomplex number sys-
tems into idempotent number systems, containing one or more idempotent num-
bers, { and non-idempotent number systems containing no idempotent number ;
and, second, upon the regularization of idempotent number systems, that is, the
classification of each of the units of such a system with respect to one of the
idempotent numbers of the system.

For the purpose of such classification and regularization the following theorems
are required :

THEOREM 1.§ In any given hypercomplex number system there is an idem-
potent number (that is, a number I 4 0 such that I*= I), or every number
of the system is nilpotent. ||

THEOREM 1LY In any hypercomplex number system containing an idem-
potent number I, the units e, e,, -+, e, can be so selected that, with reference

* Presented to the Society February 27, 1904. Received for publication February 27, 1904,
and September 6, 1904.

tAmerican Journal of Mathematics, vol. 4 (1881), p. 97. This work, entitled
Linear Associative Algebra, was published in lithograph in 1870. For an estimate of PEIRCE’s
work and for its relation to the work of STUDY, SCHEFFERS, and others, see articles by H. E.
HAWKES in the American Journal of Mathematics, vol. 24 (1902), p. 87, and these
Transactions, vol. 3 (1902), p. 312. The latter paper is referred to below when reference is
made to HAWKES’ work.

1 If the hypercomplex number 4 =0 and A?2—= 4, PEIRCE terms 4 ‘‘idempotent,’’ loc. cit.,
p. 104. See p. 512 below.

? PEIRCE, loc. cit., p. 113 ; HAWKES, loc. cit., p. 321.

|| If, for some positive integer m, A™ = 0, PEIRCE terms the hypercomplex number 4 *‘nil-
potent,”’ loc. cit., p. 104 ; see also p. 512 below.

9 PEIKCE, loc. cit., p. 109 ; HAWKES, loc. cit., p. 314.
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to I (termed the basis), they shall fall into one or other of four groups as

JSollows :
1st group: Ie,=e,=e¢l1 (i=1,2,--, ),

2d group: Ie,=e,el=0 (i=n'4+1,0+2,---,n"),
3d group: Ie,=0,el=¢e, (i=n"4+1,n"42, -, 2"),
4th group : Ie,=0=¢1 (i=n""+1,n" 42, -, n).

When so selected the units e, ¢,, - - -, e, of the number system are said to be
regular with respect to 7.* The units e, e,, ---, e, of the first group form a
subsystem by themselves to which the idempotent number 7 belongs and of
which 7 is the modulus; and 7 may, therefore, be chosen as one of the units of
the first group.

THEOREM II1.+ The basis or idempotent number I may be so chosen that
there shall be no other idempotent number in the first group.

THEOREM IV.} In an idempotent number system § whose units are reqular
with respect to the basis or idempotent number I, chosen as one of the units,
the remaining units of the first group can be taken to be nilpotent, || and will
then constitute a non-idempotent system by themselves, provided the first group
contains no second idempotent number.

Of these theorems requisite for the establishment of PEIRCE’s method, his
proofs of theorems I and IV are invalid. In a recent paper, cited above, by H.
E. HAWKES, in these Transactions, he has fully established this chain of
theorems, and thus, finally, placed PEIRCE’s valuable method on a rigorous basis.
But, whereas PEIRCE’s methods are purely algebraic and involve only elemen-
tary considerations, HAWKES has recourse to the theory of transformation groups
in establishing theorem IV, thus introducing conceptions unnecessary for the
establishment of PEIRCE’s theory and foreign to his methods. In the paper
referred to, HAWKES has contributed a very valuable extension of PEIRCE’s
method in the conception of the regularization of all the units of a non-nilpotent
number system with respect to each of certain idempotent numbers chosen as
units.qf

The object of this paper at the outset was to establish PEIRCE’s method with-

* HAWKES, loc. cit., p. 316.

1 PEIRCE, loc. cit., p. 113; HAWKES, loc. cit., p. 316.

{ PEIRCE, loc. cit., p. 117, 118 ; HAWKES, loc. cit., p. 322. This theorem may be expressed,
otherwise, as follows. In a number system e, e,, - -+, e, with modulus e, but no other idem-
potent number, the units e;, e,, - - -, en—1 can be taken to be nilpotent and will then constitute
by themselves a nilpotent system.

§ See p. 509 ; also p. 512.

Il See note p. 509 ; also p. 512.

THAWKES, loc. cit., p. 317 ; see also p. 512 below.
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out recourse to the theory of groups. Employing methods purely algebraic, I
give a proof of theorem I, which is, I think, somewhat simpler than that given
by HAwkESs ; and I establish theorem IV by the extension to number systems
in general of the scalar function of quaternions ;—an extension suggested by
my previous extension of the scalar function to matrices of any order,* and by C.
S. PEIRCE’s theorem that any number system can be represented by a matrix. t

The results of this paper in its original form were given at the February
meeting of the American Mathematical Society of the current year; and the
paper was to appear in the July number of these Transactions. But the
employment of algebraic methods only, suggested to the editors an extension of
the scope of the paper to the consideration of what may be designated as num-
ber systems with respect to a domain R of rationality, namely, the considera-
tion of the totality of numbers

of a number system e, e,, -- -, ¢ , where the a’s are rational in the domain R
of rationality of a given aggregate of real or ordinary complex numbers includ-
ing the constants of multiplication of the system,—all transformations of the
system being rational in R}. At their request I have revised the paper from
this point of view ; and I give generalizations of all of PEIRCE’s theorems with
reference to a domain of rationality.§ These results constitute a step towards
the enumeration of the types of number systems to which all number systems
in a given number of units are reducible by transformations rational in a
given domain. 1 find that the conceptions on which PEIRCE’s method is based
are applicable to this problem. In a subsequent paper I shall give further
results leading to a resolution of this problem.

*See Proceedings of the London Mathematical Society, vol. 22 (1891), p. 67,
where I have applied this extension of the scalar function to a problem of SYLVESTER’S.

tSee Encyclopidie der Mathematischen Wissenschaften, vol. 1, p. 170, where
this theorem is ascribed to En. WEYR, though reference is made to C. S. PEIRCE’s prior statement
of the theorem in another form. It was established by C. S. PEIRCE in 1870 for certain of the
number systems given in BENJAMIN PEIRCE’s Linear Associative Algebra,and enunciated
as probably true for number systems in general. See Memoirs of the American Acad-
emy of Arts and Sciences, new series, vol. 9 (1870), p. 363 ; also Johns Hopkins Uni-
versity Circulars, no. 22 (1883), p. 87. C. S. PEIRCE gave a demonstration of the general
theorem in the Proceedings of the American Academy of Arts and Sciences, vol.
10 (1875), p. 392, and subsequently in the American Journal of Mathematics, vol. 4
(1881), p. 221.

In the development of the theory of the scalar function given below I have not employed C.
S. PEIRCE’s theorem, or the conception of a number system as represented by a matrix. See p.
514 below.

1 The arbitrary domain of rationality is not necessarily composed of real or ordinary complex
numbers, e. g., the Galois fields are not. The Editors.

§ In its original form, this paper treated a special case of such systems: namely, that for
which the constants of multiplication of the system were real and R included every real scalar,
—the case of real hypercomplex number systems.
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The nomenclature employed by PEIRCE will be followed, in general, in this
paper. Thus the first factor 4 in any product 4B is termed the facient, the
second factor B, the faciend :*

if AB= A = BA, A is an idemfactor with respect to B

if AB= A, A is idemfacient with respect to B ;

if BA= A, A isidemfaciend with respect to B ;

if AB= 0= BA, A is a nilfactor with respect to B ;

if AB =0, A4 is nilfacient with respect to B ;

if BA =0, 4 is nilfaciend with respect to B ;

if 4 40,and A*= A, A4 is idempotent ;

if A™= 0 for some positive integer m, A is nilpotent ; T
and a number system which contains no idempotent number is a nilpotent
system. §

A number system which contains one or more idempotent numbers is an
idempotent system. §

The units of an idempotent system are regular with respect to the idempo-
tent number 7 of the system when so chosen that each falls into one or other of
PEIRCE’s four groups, mentioned above, p. 510, with respect to 7. §

A hypercomplex number A4, satisfying the conditions fulfilled by the units of
the kth group (1 = & = 4) with respect to the idempotent number 7, is said to
belong to the kth group with respect to 1.

If A belongs to the k-th group with respect to I, it is linear in the units of
that group, and conversely. || In particular, 7 belongs to the first group, and
may be taken as one of the units of that group.

Following HAMILTON, the term scalar will be employed to denote a real or
ordinary complex number.q] If A4 is any given hypercomplex number, I shall
designate by the term polynomial in A the hypercomplex number

A +c, A+ ---+cpA"

linear (with scalar coefficients) in positive integral powers of A. For any given
number 4 of the system, there is at least one linear relation between the first
n + 1 power of A, and, therefore, a smallest integer m =n + 1 for which
A, A%, ..., A™ are linearly related. This linear relation,

* These terms were suggested by HAMILTON, who employs the terms ‘“factor’’ and ‘‘faciend’’
to denote 4 and B respectively, Lectures on Quaternions, p. 38.

t PEIRCE, loc. cit., p. 103-104.

1 PEIRCE, loc. cit., p. 115.

§ HAWKES, loc. cit., pp. 314, 316.

|| PEIRCE, loc. cit., p. 110. If T4 =4 = AI, A4 belongs to the first group with respect to I;
if JA=A4, AI=0, 4 belongs to the second group with respect to I'; etc. For the group of the
non zero product of any two numbers or units belonging to the various groups, see PEIRCE, loc.
cit., p. 111, and HAWKES, loc. cit., p. 316.

9 Lectures on Quaternions, pp. 58, 664.
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Q(‘A) = Am +])1‘A‘m_l + e + pm—ZAz +pm—1A = 0’
I shall term the fundamental equation of A. Let

yd
S(A)=2 ¢ A* (e 0)
9=1

be any polynomial in 4: if f(A)=0, then p = m and

p—m

S =2 AL (M)

g=0

for any scalar \; conversely, if’

p—m
VA E Zo e MM,
q=
thenf(A)=0.
The constants of multiplication of the units e, e,, ---, ¢, of the number
system will be denoted by v, for i,j, k=1, 2, ... n, and thus

€6 ="16 + Vij2 € + -+ Viin €as

and the domain of rationality of the constants vy, will be denoted by £ (v,,)-
The coefficients p,, p,, ---p,_, of the fundamental equation Q(A)=0 of
the hypercomplex number A = a,e, + --- + a e, are rational functions of
a5 a,, -+~ a, for the domain R(1y,,), being rational functions, for the domain
R(1),of a, a,, ---, a, and of the constants v, of multiplication of the system.

Let R’ denote the domain of rationality of any given aggregate of scalars.
The totality of hypercomplex numbers

A=3 ae,
i=1
for all possible sets of scalars a,, a,, - - -, @, rational in R’, will be said to consti-
tute the hypercomplex domain B(R’; e, ¢,, ---,¢,); and any such number
A will be said to belong to BR(R’'; e, e,, ---,¢,). If pis any scalar rational
in R', and both A and B belong to B(R'; e, ¢,, -+ -, ¢,), s0 also does pA and
A + B; moreover, AB belongs to this domain provided R’ contains B (),
but, in general, not otherwise. Therefore, if c,, c,, ---, c, are rational in R’ and
A belongs to B(R'; e, ¢,, -- -, ¢,), the polynomial

zp: c, A
q=1

belongs to this domain if 2’ contains 2 (v,,).
Let new units e;, e, , -- -, e, be introduced by the linear transformation 7',
and let v}, denote the constants of multiplication of the new system. Then,

Trans. Am. Math. Soc. 34
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if T is rational in R', the new wunits e, e,, ---, e belong to B
(B'; e, e,---,e), and conversely ;

if T is rational in R', the hypercomplex domains B(R'; e, e,, -+, ¢€,)
and B (R'; e, e, - -+, e,) are identical, and conversely ; *

if T is rational in R', and R’ contains R (fy,.jk), it also contains R (fy:.jk).'r

§ 1. The scalur function of a hypercomplex number.
Let

n
A=73 ae,
i=1

be any number of the given hypercomplex number system e,e,,---,e,. I
shall employ S4, in designation the scalar of A, to denote that function of the
coefficients @ and the constants v, of multiplication of the system} defined as
follows : §

(1) SA:}L(alngﬁ"'asz:l'yzjj"'"’+anj2j_;7njj>'
Whence, if p is any scalar,|| and
B=3be
=1
is any second number of the system, it follows that
(2) SpA = pSA4,

* In order that T shall be rational in R’ it is only necessary that & ( R’; e, e,, ¢, ) shall con-
tain B (R'; €], €5, - -, €,).

t In particular R’ may be identical with R (yy:),in which case, if 7 is rational in R ( yy),
this domain contains B (¥4 ) ; but, unless the coefficients of 7' are rational in B (1), R (¥}x) is,
in general, not identical with B ( y;%). Thus, if

Ve o 01
6= ) € = ’
0 0 00
e, ¢, constitute a number system, and R ( 7y ) contains V' 2 ; and, thus, the transformation

6= —=-e, e, =e,

1

Ve
is rational in B (yy:). But the constants of multiplication of the new system are rational in
E(1); and, therefore, R (¥}, ) is not identical with B(,,).

1 See p. 513 above.

31f n=4, and e, e,, €3, ¢, are the quaternion units, this definition accords with the custom-
ary definition of the scalar function. Thus, if ¢,=1 and ¢,, ¢,, e; constitute a system of mutu-
ally normal vectors, we have

yyi=1, Yii=0 (1=1,2,3;5=1,2,3,4)

and thus

4
SE a;e;=a,
i=1

by the above definition.
|| See p. 512 above.
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®3) S(A+ B)=8SA + SB.
In particular,
4) SA=a,8e, +a,S,+ ---+a, Se,.

Moreover, if

n
_ ©
€= ga‘. e,

is a modulus of the system, in which case

n
D aVee =, =e (j=1,2,---,n),
=1
we have
Zn: 0
aVy,.=mn
i=1 ; hd ’
and therefore
(5) Se=1.

Let R’ denote the domain of rationality of any given aggregation of scalars
that includes the constants v, of multiplication of the system. If A belongs
to B(R'; e, ¢,, --+, ¢,),* SA is rational in B’. In particular, let R’ include
every real scalar,and let e, e,, ---, ¢, be the units of a real hypercomplex
number system t in which case the constants ,, of multiplication of the system
are real: then, if 4 is a number of the system, in which case a,, a,, - - -, @, are
real, SA is real.

By definition

PID MDD ILRLFLAN

o.
I
-

<,
I
-
EY
Il
-
>
I
-

(6)

1 n n n n
SBA = " 1Z=1 jz=:l ; hz=1 @b % 0 YV
But, since
h etej 6h=6" ejeh (i»j,h=1,2,'-~,n),
we have
(6,) I;l'yﬁkrykm:kZ_l'yikl'thk (i,j,h,l:l,2, ey m);
therefore,
1 n n
(7) SAB = _Z Z 2 Za.’ j"/(,-k'Yk,.h
N %=1 j=1 k=1 h=1
1 n n n n
=_Z E Z Zasbj'Yikh'yjhk
N %=1 j=1 k=1 h=1
1 n n n n
=ﬁz 2 Z ajbi'yc'kh'yjhk*

* See p. 513 above.
1 See note p. 511 above.
1 By interchange of ¢ and j, and of ¥ and A.
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k=1 h

M-

;5,9 Vi = SBA.

J

S|

I
&

Let now e, ¢;, -- -, e, be any second system of units of the number system
obtained from e, e,, ---, ¢ by the transformation 7" of non-zero determinant
defined as follows :

(8) e, ="Tye + Ty, + -+ T € (i=1,2,---,n);
and let

9) €6 ="+ Yipl+  F Ve (H5=1,2,--,n).
Let

a6, + a6+ -+ a6, =ae+ a6+ - +ae,
;e; + b;e;'{' R b:.e:.= b162+ 6262-{- e bnen;
then
@, =T, + T+ -+ T,
(k=1,2,---,n),
b,=Tpb +Tb, 4+ -+ TR0,
that is, in CAYLEY’s abbreviated notation *
(al’az"”an)=(TQa;’a;""a;)’
(byy bys -+ 0) = (Tb;, bys--- b)),

where 7" is the matrix

n Ta al
Tz To Tuz | .
L Tln 72n Tnn J

Finally, let

Bie,+Be,+ -+ Be,=(a,et+a,e,+ - +a,e)(be+ be+ - -+be,),
'8161""'/3262"""'+Bnen=(alel+a2°2+"'+anen)(blel+bzez+ "’+bnen)'
Then

f n n n 1
’ ’ ’ ’ ’ ’
; @Y Zl Y izl %Y im
= = =

n n n
’ ’ ’ ’
E @Yz Z XYz " Z QY2 Y %
=1 i=1 i=1 ( 1 29 "%

(:B;’B;a’ﬂ,,,) n)’

. . . . . . . . .

n n n
’ ’ ’ ’
; ai fyiln Zl ai 71'2» to Zl ai 'Yinn
1= 1= =

J

* Memoir on Matrices, Philosophical Transactions, vol. 148 (1858), p. 17.
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([ n n n
> %Y > %Y 2 & Vim
i=1 i=1 i=1

a.y. a. a.ty.
(Bys Bys +++1 B,) PILA D ILA 2 4 (B3 By +++s B,);

n n
;“a%m ;ai'ym o Zainn

moreover,
Biei+ Bty -+ Bt = B+ Byt o+ Bres
and, therefore,

(Bn ﬁg, tt B,.) =(TQﬁ;9 B;a AR ) B,/,)°
Wherefore,

[ n n n h
’ ’ ! ’ ’ ’
Z ;Y Z Y Z QY im
= i=1 i=1

n n n
’ ’ ’ ’ ! ’
Z ;Y02 Z QY22 e E @Y in2
i=1 i=1 i=1

n n n
’ ’ ’ ’ ’ ’
; 2 %1 iZ‘ XiYigm izl @Y inn

J

(10)
([ n n n ]
ig Y i_Zl Y E % Ym

i=1

= T i_zlai%lz Za."ym Z;aa'yinz T.

i=1

n n n
Z al' (Yc'ln Z a:‘ 'Yl'zn c Z at'yinn
L =1 i=1 i=1 J

Whence it follows that the characteristic equations of these two matrices are
identical, that is,

( n n n
’ ot v e r
A— ;1 ;Y - 121 @;Yin - 21 & Yim
= = 1=

n n n
1) - ;_1 %2 A— igl @YV - gl @Y ing

. . . . . . . . .

n n n
ot r . ot
- E @ Yitn - Z @ Yion A — Z ;Y inn
L i=1 i=1 i=1 J
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( n n ”n I
A— Z ;Y - 2 @Y - Z @ Yim
=1 i=1 =1
n n n
(11 = - ; GV M— ; Yz T - é @ Yina
n n n '
_Zai'yiln _Zat"inn T X—Zai'yifm
L i=1 i=1 i=1

Therefore, in particular,

(12) g

n

a, .= @Y,
= ;'Yw ; igl Vi 3
and, thus, S4 is an invariant to any transformation of the units of the number

system.
Let

n
_ 0
I= Ea(..)e..

i=1
be any idempotent number* of the system e ,e,, ---, e,; and, let

18) ¢l = I, P =e — Ie, (i=1,2,---,n),
‘We have '
IeV = Ie, = Ie, = €,
(14) ) ' ) ' (¢=1,2,--,n).
IeP = Ie, — I’e, = Ie, — Ie,= 0

Thus, for 1 =¢ = n, the numbers €, ¢? are, respectively, idemfaciend and
nilfaciend  with respect to 7. Further, any number linear in the numbers €{" is
idemfaciend with respect to Z, and any number linear in the numbers ¢® is nil-
faciend with respect to 7. Since

(15) ei=e(¢'n+e(52) (i=1,2,--+,n),

every number of the system can be expressed linearly in the 2» numbers of (13).
Let n, of the numbers e, as e{", €, - - -, € be independent ; and let n, of the
numbers e?, as eP, €®, ..., ¢2 be independent. Then since, for £=1, 2 and
t=1,2,...,n, each of the numbers ¢ (and, therefore, any n independent
numbers of the system) can be expressed in terms of the above n, + n, hypercom-
plex numbers, and the latter are independent,} we have n,+n,=n. We may now
" *See p. 512 above.

1 See p. 512 above.
t For, it ¢Pe(D 4 -+ + D) + PP 4 - - - 4 De® =0, then

c(11)‘.3(11) 4o DD = I( c(11)(;(11) + o4 "5.1,)95.11) + c(lz)e(lz) + c(ni)eglzz)) =0;

n Ty

and, therefore, () =+ =D =P =".. =P =0.
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show that any number idemfaciend with respect to 7 is linear in e, €g°, - -, €;
whence it follows that 7 is expressible in these hypercomplex numbers. Further,
that any number nilfaciend to 7 is linear in e, ¢@, ..., 2. It may be that
n,=0; but n, = 1. For n, is the number of independent hypercomplex num-
bers in the aggregate e, for i =1, 2, ..., n; and the » numbers of this aggre-
gate cannot all be zero, that is, n, 4= 0, otherwise,

I=DP=1Y dP¢=>2 a"le,=0.
i=1 i=1

Of the numbers ¢, n, — 1 are independent of 7. Let ¢, e, ---, &b, be

independent of 7. Then the n hypercomplex numbers 7, ¢ (i=1,2,... n,—1),

and € (¢=1, 2, ..., n,) are independent. Let

e =1,
v __ .
(16) Cpi = .') (¢=1,2,. -y n—1),
’ 2 .
e”1+o’=e(i) (i=1,2,--, 7)) ;

and let «v;;, denote the constants of multiplication of this new system of units,
so that

Since
an e e;=e; (j=1,2,--,m),
. 6{8;.= (j=m+1,m+2,---,n),
we have
(18) My =1 (=220 m),
'y;ﬁ=0 (j=n1+'1»"1+2)"‘»");

and, therefore, since S7 is invariant to any transformation of the units of the

system,
n

, 1 , n

19) SI= Se, = ﬁgvlff = ;z,l

If I'belongs to B(R'; e, ¢,, ---, ¢,), then, since each of the original system
of units belongs to this domain, it follows that each of the hyper-complex num-
bers ¢®,for k=1,2and i =1,2,...,n,, belongsto B(R'; e ,¢,,---,¢,).*
Therefore, if 7 belongs to BR(R'; e, e, ---, €, ), n, =nSI is the number of
independent hypercomplex numbers belonging to R(R’; e, e,, -+, e,) which
are idemfaciend to J; and n, = n(1 — S7) is the number of independent hyper-
complex numbers belonging to B(R’; e, ¢,, -- -, e,) which are nilfaciend to 7.

Let ¥ be any nilpotent+ number, other than zero, of the systeme,,e,,---, ¢, .

* See p. 513 above.
1 See p. 512 above.
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Thus, let V™' 4 0 and V™= 0. For any positive integer p << m, there is at
least one number of the system, as V™7, to which V7, but no lower power of
N, is nilfacient ;* and any such number is independent of the numbers to which
NN?is nilfacient for ¢ < p, since, if V? is nilfacient to 4,, 4,, ete., it is nil-
facient to any number linear in 4,, 4,, ete. If for 1 <<p =m, N”, but no
lower power of V, is nilfacient to 4;, 4;, etc., and if these hypercomplex num-
bers are independent of each other and of all hypercomplex numbers to which
NN ig pilfacient for ¢ << p, we then cannot have

N?(e,4d;+c, 4, +---)=0,

for p’ <p, unless the ¢’s are all zero; otherwise, there is a linear relation
between the A”’s and the hypercomplex numbers to which N7 is nilfacient.
Let the system contain just », = 1 independent numbers, as

AP, AP, ..., A2,
to which #V is nilfacient. Then, if ¥B = 0, we have
7
=% )
B= JZ._-{ ¢, AD.
If m > 2, let the system contain just n, = 1 numbers, as
A(12)9 A(22)9 M} Agga

to which V? is nilfacient, but XV is not nilfacient, and which are independent,
moreover, of each other and the A®’s{ (and, therefore, of numbers to which NV
is nilfacient). Then, if NB 4 0, and N?B = 0, we have

B = znl: D AD 4 ﬁ D AD
j=1 7 ’ Jj=1 J 7
where the ¢’s with index 2 are not all zero. If m > 3, let the system contain
just 7, = 1 numbers, as
A(IS)’ A(23)9 ity A(fa)a

to which V3, but no lower power of V, is nilfacient, and which are independent
moreover, of each other and of the A™’s and A®s (and, therefore, of numbers
to which V? is nilfacient). Then, as before, if NV°B 4 0, N°B =0, we have

ny 79 ng
1 1 2 2 3 3
BB aps S ape S ap,

* See p. 512 above.

1 By this I mean, not only that the 4®’s are independent of each other, and, severally of the
AM'g, but that, if

oL (1) 4(1) X (2) 4(2)
2 AP+ P AP =0,
j=1 J=1

the coefficients ¢ are then all zero.
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where the ¢’s with index 3 are not all zero. Etc., etc. Finally, let the system
contain just »__, numbers, as

A(lm—l)’ A(zm—l), ce ey A(m—l)

fm1
to which /", but no lower power of %, is nilfacient, and which are indepen-
dent, moreover, of each other and of the A"’s, A®’s, ..., A™-¥s (and, there-

fore, of numbers to which N ™% is nilfacient). Then, if N ™ 2B & 0,
N™'B =0, we have

KoY n2 Nm=-1
— (1) 4 (2) 4(2) Ve (m—1) A(n—1)
B—j;cj Aj +j§cj Aj + +;cj Aj ,

where the ¢’s with index m — 1 are not all zero. 'We may take /V as one of the
A=Y thus let AT = N. Let now the system contain just », = 0 num-
bers, as

A, AP, o, A,

independant of each other and of the A®’s, A®’s etc., and A~"’s (and, there-
fore, of numbers to which V"~ is nilfacient). Then if V"' B 4 0, we have

B R A0+ S A 4 oo+ Sl a2,
where the ¢’s with index m are not all zero. By definition,
(20) NAP =0 (i=1,2,--,m);
and, by what precedes, for 1 <p = m,

(21) VAP =2 g0 AP 4+ 2 AP 4 oo 4 Iz VAP (i=1,2, -, ),
Jj=1 Jj=1

=1

since V?~! is nilfacient to VA».* Moreover, every number of the system
€, €, -+, e is linear in the AM’s, A®’s, ..., A™’s gince with respect to

*Let 1<<p=m. Since, by supposition, the 4(»’s are independent of each other and of all
numbers to which N?—! is nilfacient we cannot have

NP1 (01A<1p) + czA(zp) 4+ c"pAs.:)) =0,
unless the ¢’s are all zero. Therefore,
NP~ (o, NAP 4 ¢, NAP + - - + ¢, NAD) +0,

unless the ¢’s are all zero, that is, the numbers NA(» (i==1, 2, - -+, n ) are independent of each
other and of all numbers to which N#—2 is nilfacient ; moreover,

N?—1. NA®D = No AP =0 (1=1,2,...,m)

But, by supposition, there are but n,-.1 numbers to which N»-!is nilfacient, and which are inde-
pendent of each other and of all numbers to which N»—? is nilfacient. Therefore, n, =n,_..
Whence it follows that we may put NA® = 4D (i=1,2, .-+, n,).
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every number B of the system either N"~'B 4 0,or N*B=0for1 =p <m.
Therefore, new units e;, e;, - - -, e, may be introduced by the transformation,

e:‘ =A(i]) (i=1)2;"',”1)'

(22) €t i = AP (i=1,2,--m),

. e':q+wz+...+nm.1+i= A('m) (t=1,2, - ”'m)'
Since
(23) N= A'E‘"r:jll) = ev’tx+nz+ R Y )
if v;,, denote the constants of multiplication of the new units, we have, by (20)
and (21),
(24) '77,;1+ng+...n,,,_1,ji= 0 (j=la 2, ”)

Therefore, since SA is invariant to any transformation of the units of the sys-
tem,

(25) SN = SAQ:.:I) = Se;u+wz+ e jz=:l'71’u+na+ R DN 0.

That is, the scalar function of any nilpotent number A4 of the system is equal
to zero. But if A is nilpotent, so also are V2, N3, etc. Therefore, if V is nil-
potent, SN? = 0 for any positive integer p.

Let the number system contain n independent numbers, 4,, 4,, ---, 4,

such that
SA4,=84,=--.=84,=0.

For any number A of the system, we have
A=cA +c,A,+---+c A
and, therefore, by (2) and (3),
S84=c SA, +¢c,S4,+---+¢, 84, =0.

In this case the system is nilpotent ; * that is, contains no idempotent number,
since, if 7 is idempotent, SZ7 4 0. In particular, if

Sel= Se == Sen=0,

2

n?

that is, if
Z'Yw«=0 (i=1,2,--+,2),

the system is nilpotent.
These results may be summarized in the following theorem :

TaEOREM (1). Let
A=2 ace,

=1

*See p. 512 above.
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be any number of the hypercomplex number system e, e,, - --, e, ; let R’ denote
any scalar domain of rationality including R (v,,);* and let

1 n n
SA == a.y,..
i2=1 =1 "Y‘JJ
Then SA is invariant to any transformation of the units of the system ; and,
if p is any scalar and B is any second number of the system,

SpA = pSA4,
S(A+ B)=S4 + 8B,
SAB = SBA.

If e is a modulus of the system, Se=1. If AbelongstoB (R'; e,,e,,---¢),
SA is rational in R'; and if, moreover, A is idempotent, nSA % 0 is the
number of independent hypercomplex numbers of the system, belonging to
R(E'; e, e, -,e,), that are idemfaciend to A, and n(1l — SA)=0 is
the number of independent hypercomplex numbers of the system, belonging to
BR(R'; e,e, ), that are nilfaciend to A. If the system contains any n
independent numbers A,, A,, ---, A such that

S4, =84,=..-.84 =0,
in particular, if
Se1= Sez= e = Se"=0,

the system is nilpotent. Finally, if' A is nilpotent, SA? = 0 for any positive
integer p; and, therefore, if the system contains n independent nilpotent num-
bers A\, 4,, -+, 4, in particular, if each of the unitse,, e,, ---, e, is nilpo-
tent, the system is nilpotent.

Let the fundamental equation of 4 1 be

Q(A)y=A"+p A" '+ ---+p,  A=0.

By the aid of this equation we can express A” for p=m linearly in
4, 4% ..., A", and consequently, any polynomial in A } linearly in the first
m — 1 powers of 4. Therefore, by (2) and (3), if the fundamental equation of

A is of order m and
S4=84"=...= 841 =0,

the scalar of any polynomial

P
> ¢ A?
q
A . g=1
in A is equal to zero.

*See p. 513 above.
t See p. 513 above.
I See p. 512 above.
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§ 2. The idempotent number £( A).

Let A be any number of the hypercomplex number system €€y 56,5
and let
(26) QA)=A"+p A"+ +p, A +p, , 4=0

be the fundamental equation of A. FEither

pl=.p2= -~-=pm_1=0
and A™ = 0, or the roots of the equation
(27) ‘Q(K)E>"m+p17\m—l+"'+pm—z)"2+pm—1x=0

are not all zero. Let A™ 4 0; and let zero be a root of multiplicity » <m
of equation (27). Let the distinct roots, other than zero, of this equation
be N, A,, ---, A,, respectively, of multiplicity », Ypy cty V5 and let
Y, PP, -y p¥,, with alternate negative and positive sign, denote the simple
symmetric functions of the vth powers of the non-zero roots of Q(A)=10
Ay A2, .-+, A being counted, respectively, v, v,, -- -, v, times. Then, since

(V)= 4 PO o+ 2 () 4 22, 00)
= (v =MV =) (= N
contains £ (\) as a factor, it follows that
(AP Y=t (A7) o4 gl (A7 0, (A7) = 0,0

where
P = (A ) 0.

Let now
1
(28)  £(A)= o (A +p0 (A )7 4 - o (A7)
We then have
L
Avf(A) —AY = ])(y)_ [(Av)m—v+l +p(lv)(Av)m-v + ... +p£;:)_y_l(Av)2
+p.(41)] =0.
Therefore,
(29) Af(A)=A"=£(A)A";
and, thus, for any positive integer p,
(30) APE(A)= AP =f(A) AP,
In particular, for any positive integer ¢,
C2Y) (A7 )ye(d)= (A7) =£(4)(4");
and, therefore,
(32) f(4)f(4)=1(4).

*See p. 513 above.
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The polynomial £(A4) 4 0; for, otherwise, by (29) A* =0, and, therefore,
A™ = 0, which is contrary to supposition. By (31), the hypercomplex number
f(4) is a modulus of the number system whose units are the independent
powers of A*. We have

_ xv_x;' v1 XV—X; 1 2] XV_X: v,-.
e coo=1-(C5H) (C5) - (C5)

in particular, if v =1,

(33a) f()\,) = (Nn_l"'pl)\‘m_z'*' ---+]2m_27\»)-

m—1

Since the coefficients of the polynomial £(.4)in A are rational functions of
Pi> Pgs +* +s P, for the domain 22 (1), they are rational functions in the same
domain of a, a,, ---, @, and of the constants v, of multiplication of the num-
ber system ;* and, thus, are rational functions of a,, @,, ---, @, in the domain
B (v,). Wherefore, if A belongs to R(R'; e, ¢,, -+, ¢,), 80 also does
£(A4), provided B’ includes R(ry,.j,‘).j' In particular, if e, ¢,, - - -, e, are the
units of a real hypercomplex number system, and A is a number of this system,
soalsois f(4).

Let R’ include R(y,). Each of the units e, e, - ¢, belongs to
B(R'; e, e, --¢). Therefore, either one, at least, of the units, as ¢,, is
not nilpotent, in which case, if 4 = e, there is an idempotent number £ (4)
belonging to B(R’; e, €,, --+, ¢,),—or each of the units is nilpotent, in
which case by theorem (1) the system is nilpotent.

We have, therefore, the following theorems, of which theorem (3) is theorem
I of the Introduction.

THEOREM 2. If A =ae + - -+ a e, is any number of any given hyper-
complex number system e, e,, ---, e, either A™ = 0, for some positive integer
m =n+1, or there is an idempotent polynomial £( A) in A whose coefficients
are rational functions in the domain R (1) of a,, a,, ---, a, and of the con-
stants v, of multiplication.

THEOREM 8. In any hypercomplex number system there is an idempotent
number, or every number of the system is nilpotent. T herefore, in a nilpotent
system every number is nilpotent. §

THEOREM 4. Let R’ denote the domain of rationality of any aggregate
of scalars including the constants v, of multiplication of any given hyper-
complex number system e, e,, ---, e : either there is an idempotent number

* See p. 513 above.
1See p. 513 above.
t PIERCE, loc. cit., p. 113.
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belonging to B(R'; e, e, ---¢,), or the number system is nilpotent. In
particular, in any real hypercomplex number system there is an idempotent
number, or every mumber is nilpotent; and, therefore in a real nilpotent
hypercomplex number system every number is nilpotent.

By supposition, we have

(34) Q) =M A=A )T (A=A (A= 1)
Let
(35) W) = A(h = A ) (A=) (A =1,).

Then, if any polynomial 3°9=%c A% in A is nilpotent, 3°1=% ¢, A contains W(\).
Conversely, if 377=7A? contains W (), 390 c A’ is nilpotent, since then some
power of 3°¢=*¢_A? contains Q(A). By (30) and (32), we have
(86) A'[A—NE(A)]"[A—NE(A)]= - [A=1E(4)]"=Q(4)=0;
and, therefore, if m' is the greatest of the integers », v,, ---, v,
@) A{[A-M(A)][A-7E(4)] - [4—-2E(4)]}"=0.
Further, if

A{[A—pt(A)][A4—pE(4)] - [4—pE(4)]} =0,

then »" = r, and r of the scalars p,, p,, ---, p, are equal, respectively, to
Ay Ay -o+y Ao For, from the last equation, it follows that

»
AV+T'_§piAV+""'1+ "'+(—1)T,P[P2."pvr’A"

=A[A—pf(A4)][4d—pf(4)] - [4d—p (4],
by (30), is nilpotent ; and, therefore,

Xv+r'__zpi7v+r/_1+ "‘+(—1)TIP1P2"'Pr'7\'v
i=1

contains W (), which is impossible unless »" = and the scalars p,, p,, - -+, p,/»
comprise X, Ay, - -+, A .
Let
»
S(A)= Zl c,A4?
q=
be any polynomial in 4 such that
A7f(A)=0.
If /( A) is not nilpotent, then by theorem (2), there is an idempotent polynomial

=3, L/(4)]"
in f(4), and thus ”

AT = A"q’:i’lryq[f(A)]q= 0;
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whence, since £( 4 ) is a polynomial in 4*, it follows that
£(4)I=0.

Baut, by (80), £(4) is an idemfactor * of the vth power of any polynomial in
A ; and, therefore,
I=1I"=§{(A)I"=0,

which is impossible.  Therefore, if

y
A”ECqu= 0,
q=1

then
ya

> c,A4?

gq=1
is nilpotent.t Whence, by (87T), it follows that
(38)  {([A—ME(A)][A—NE(A4)] - [A=2E(4)]}" =0

for some positive integer m’. Further, if

{H(A=pf(A) ][4 —pE(4)]--[4—pE(4)]} =0,

then v'Zr and r of the scalars p,, p,, ---, p, are equal, respectively, to
As Ay - ooy Ao For, from the last equation, it follows that

A {(A—pf(A)][A—pE(A4)]---[A—p,E(4)]}?=0,

which, as proved above, is impossible unless »" = » and the scalars p,, p,, - -+, p,/
comprise A, A, -+, A §
It » = 2, the number system contains at least two independent idempotent

*See p. 512 above.
tSimilarly, if 4v'f( 4) is nilpotent, where »/ =v and

P
f(A)=ZCqA",
q=1

then Avf(4) is nilpotent; and, therefore, f(4)f(4), and thus [f(A4)]r=[f(4)f(4)]
is nilpotent, that is f( 4 ) is nilpotent. Let v/ >v, and let A» f(4 ) be nilpotent; then, by
what has just be proved, 4v'—vf( 4) is nilpotent. Therefore, if »/ —v =w», f( 4) is nilpotent.
On the other hand, if v/ — v > v, then A»'—2vf( A ) is nilpotent ; and, proceeding thus, we may
show ultimately that (4 ) is nilpotent. In particular, if AVf(4)=0, f( 4) is nilpotent.

1 These results may be established as follows. For 1 =i =, the polynomial 2 —2;f (1) con-
tains both 2 and 2 — 2; ; whereas, A —pf (1) contains A —24; only if p=2;. Therefore,

T’
H[l—sz(z)]

i=1

contains W (1) if #/ =~ and if the scalars p,, p,, - - -, p comprise 4, 4,, - - -, 4., but not other-
wise. Whence follow the theorems given above.
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numbers. For then, by what has just been proved, neither 4 — A _£(.4) nor

r—1

I1[4 - %8(4)]

is nilpotent ; and, therefore, by theorem (2), there is an idempotent polynomial
Iin A —X£(A), and an idempotent polynomial J/ in
r—1
I}(A —NE(A4)]5
and, by (38) .
1J=1"J"=(1J)"=0,
which is impossible if J = pZ.*

Let A belong to the domain B (R’; e, e,, ---, ¢,), where B’ contains
B(v,); and let the factors of Q(A) rationally irreducible with respect to
R’ be

A (V) Q(A), - D(X),
so that

(89) QM) =ML [Q,(M)]%--- [2,(M)]%
For 1 =i = s, the roots of {,(\) = 0 are all distinct. Let
. QM) =M+ gPONT 4 e gL+ g
(40) *) q‘. . g q (i=1,2,-,8).
=(A=A)(A=2AP) - (A =2D

Then, for 1 =i =s, ¢{?, ¢, ---, ¢/ are rational in R’; and, therefore, since

£(A) belongs to B (£’; e, e,, ¢,), so also does

(41) o(4)=[4-21(4)]1[4-2P(4)] - [4—-2)E(4)]
(i=152v"')3)'

By (38),

a) [o(4)w,(4)---0,(4)]
‘ _ (IiI{[A_Nli)i(A)] [A_Mzi)f(A)] [A _X(rl;)f(A)]})m,___O.

Moreover, since no two of the equations Q,(A)=0, Q,(A) =0, etc., have a
root in common, and zero is a root of neither of these equations,

gwi(A)= g{[l‘l —NPE(A)][A = APE(A)] - [A —=NDE(4)]},

is not nilpotent if s’ <<s. Therefore if s = 2, neither » (.4 ) nor

T o.(4)

i=1

*For, if IJ=0 and J=pI, then pI=pI?=1J=0, and thus p =0; therefore, J =0,
which is contrary to supposition, since J isidempotent.
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is nilpotent; and consequently, by theorem (2), there is an idempotent poly-
nomial 7 in o (A4), and an idempotent polynomial o/ in
s—1

Lo, (4)-

i=1

But, by (42) ’
IJ=1I"J" = (1J)y" =0,

which is impossible if J = pJ. Since w;(.4) belongs to B(R'; e, ¢,,---,¢,),
so also do 7 and /. Therefore, if s = 2, the number system contains at least
two independent idempotent numbers belonging to B(R’; e, e,, -~ -, ¢,).

Let now the number system e, e,, - -, e, contain but one idempotent number
I. Then by what has just been proved, if A™ 4= 0,

Q) =M (A —a)n,
where a 4= 0. Further, £(4) = I; and, therefore, by (38),

A—al=A4—af(4)
is nilpotent. Therefore,

A = aI+ N
where N= A —al = A — af(A) is nilpotent. If, moreover,
A=pl+ N',

when V' is nilpotent, then, by theorem (1),
pS8I=8S(pl+ N')=84A=8(al+ N)=aSI;

and, therefore, since S74 0, p=a and, thus, N= N'. If A is nilpotent,

and

where WV is nilpotent, by theorem (1),
pS8I= S(pI+ N)=SA=0;

and, therefore, p=0. Let R’ include R(r,,). At least one of the units
€, €, -+, e, is not nilpotent; otherwise, by theorem (1), the system is nil-
potent. Therefore, there is at least one non-nilpotent number A belonging to
BIE(7)5 € € -0 e,]; and, therefore, since 7=£(.A4), I belongs to
B[R(v;)s €€y --re,]. If A belongs to B(R'; ¢, ¢, -, ¢,), and
A™ £ 0, then a is rational in R’; and, therefore, N = A — al belongs to
B(R, e,e, -+, e,). Whence follows

THEOREM 5. Let the number system e, e, ---, e, contain one and only
idempotent number I; and let R’ denote the domain of rationality of any
aggregate of scalars including the constants v, of multiplication of the sys-

Trans. Am. Math. Soc. 35
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tem. Then I belongs to B(R'; e, e,,---,¢,). Moreover, any number A
of the system is separable in one and only one way into the sum ol + N of a
scalar multiple of I and a wilpotent number NN, which is commutative with A .
If A is not nilpotent, and Q (. A) is the fundamental equation of A, then

QM) = N(r—a)

Finally, if A belongs to B(R'; e, €, -+, ¢,), N belongs to this domain, and

a 8 rational in R'.

Let
6..=(1‘I+.2V‘. (i=1,2,--+,n),

where NV, (i=1,2, ..., n) is nilpotent. Then, by the preceding theorem, 7
and NV,(1 =i =n) belong to B[ R(7,;);5 €€ > ¢,], and ¢ (1=i=n)
is rational in R(v,,). The idempotent number I and » — 1 of the units are
independent. Thus let 7 and e, e,, ---, e¢,_, be independent. Then 7 and
N,N,, -+, N,_, are independent ; and, therefore, we may substitue

n—1

c,'.=I, e'i=JV,.'=e,.—a..I (i=1,2,--,n—1),
for the original units. Since each of the new units belongs to

B[E(vu)s €€ s el
the transformation is rational in £ (1, ). Wherefore,

THEOREM 6. If the number system e, e,, - -, ¢, contains but one idem-
potent number we may substitute, by a trangformation rational in R(vy,),
new units e;, e,, -- -, e, such that

—_ ’ Im'— * P
e =e, e =0 (i=1,2,.-.-,n—1).

Let the number system e, e,, -+, €, contain but one idempotent number 7
belonging to B (R'; e,, €,, -+, ¢,), where R’ includes R (y,,); and let 4 be
any non-nilpotent number of the system belonging to this domain. Then, by
what precedes,

Q) =vLM)]
where
Q,(A) =M1 @A o g A gD

is rationally irreducible in B’. Since A4 belongs to B (£’; ¢, ¢,, -+, ¢,), 80
also does (A4 ); and, therefore, f(4)= 1. By (29)

A [ A"+ gPA™ 4o gD A 4 gE(A)] =0 (4)=0;

r1—

and therefore, by the theorem given on p. 527,

* This theorem includes the first part of theorem IV of the Introduction.
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(A P A o gD A+ T
= (A7 4 AT e g A g (A)] =
for some positive integer m’. Whence follows

THEOREM T. Let the hypercomplex number system e,, e,, - - -, e, contain but
one idempotent number I belonging to R(R'; e, e,, ---, ¢,), where R’
denotes the domain of rationality of any aggregate of scalars including the
constants vy, of multiplication of the number system. Then, if A is any non-
nilpotent number of the system belonging to B(R'; e, €, ---, ¢,), and
Q(A)=0 is the fundamental equation of 4,

Q) =N[4,
where Q,(\) is rationally irreducible in R'. Moreover, if
Ql(x) = A" + q(lr)hrl_l + -+ rl—lx’ + r‘ ’

(An+ VA 4o gD A 4 gDV =0,
JSor some positive integer m'.

Let now e, ¢,, - - - e, be the units of any given number system containing at
least one nilpotent number; and let 4 be any nilpotent number, other than
zero, of the system,— thus let A™~' 4 0, A" =0. Then, by theorem (1),
847 = 0 for any positive integer p; and, therefore,

S m—1=S m—-2 ... = SA=0.

Conversely, let m be the order of the fundamental equation of 4, and let 4
satisfy the above conditions. Then A is nilpotent. For, otherwise, by theorem
(2), there is an idempotent polynomial £(.4)in 4; but, by the theorem given
p- 528, it follows from the above equations that SA4? =0 for any positive
integer p, and thus Sf(.4) = 0, which is impossible since (.4 ) is idempotent.
Therefore,

then

THEOREM 8. If m is the order of the fundamental equation of any num-
ber A 4 0 of a given hypercomplex number system, and
S4=84*=...= 84~'=0,
a fortiori, if SA? =0 for any positive integer p, then A is nilpotent. Con-
versely, if A is nilpotent SA? = 0 for any positive integer p.

§ 8. Classification of the units of an idempotent hypercomplex
number system.*

Let R’ denote the domain of rationality of any aggregate of scalars com-
prising the constants vy, of multiplication of the idempotent number system

* See p. 512 above.
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€, €, -+, e,. By theorem (4) there is at least one idempotent number belong-
ing to the domain R(R’; e, e,,---, ¢,). Let

n
I=7YdVe,

=1
be any idempotent number belonging to this domain ; and, for i =1,2, ..., n,

let
eV =1Iel,

€)= TIe,— Ie I,

QD =el—1IeI,

6 =¢e,—le,—e I+ Ie 1.
We have, fori=1,2, ..., n,

I = el = el 1,

Ie?P = €2, ePI=0,

1 =0, eN = e€P,

®— ) = e® T
Ie) =0 = e I;

(43)

(44)

and thus, for 1 = ¢ = n, the numbers €, ?, &P, € are, respectively, in the
first, second, third, and fourth of PEIRCE’s groups (mentioned in theorem II of
the ZIntroduction) with respect to the idempotent number 7 as the basis.*
Further, any number linear in the ¢®’s (k=1, 2, 3, 4) belongs to the ith
groups with respect to 7.1 Since

(45) 6= 6D 6D 69 4 6 (1=1,2, ),

every number of the system can be expressed linearly in the 47 numbers of (43).

Let n, of the numbers e{" of the first group with respect to 7, as (", eg’, - - -, &),
be independent ; 7, of the numbers ¢ of the second group, as €, e, .- ., &2
ny of the numbers ¢ of the third group, as e®, ¢, ---, €@; and, finally, let
ny of the numbers ¢ of the fourth group, as e(¥, &, - - -, &2, be independent.
Then since each of the numbers ¢/, for k1 =1,2,8,4andi=1,2, ..., n
(and, therefore, any 7 independent numbers of the system) can be expressed in
terms of the above n, + n, + n, 4+ n, hypercomplex numbers, and the latter are
independent,} we have n, + n, + 7, + n,=n. We may now show that any
number of the system belonging to the %th group with respect to 7 (1 =k =4)

is linear in e, P, ..., ¢®. Whence it follows that 7 is linear in

* See p. 509 above.

1 See p. 512 above.

1 There can be no linear relation between numbers belonging to different groups with respect
to I. Cf. the third footnote on p. 518.
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e, e, .-, e). We may, therefore, substitute 7 for one of these numbers.
It may be that either n,, n,, or n, is zero; but n, =Z1. For n, is the number
of independent hypercomplex numbers in the aggregate fe, I for i=1,2,---,n;
and these n numbers cannot all be zero, that is n, 4 0, otherwise,

I=I=1T1) a%, I=2 a"IeI=0.
i=1 =1
Since both 7 and the units e, e,, etc., belong to R (R'; e, ¢,, -+, €,), 50
also do the numbers ¢%. Therefore, the transformation from the original sys-
tem of units to the new system of units,

e, = e (i=1,2, -, n),

(46) e,’,l+i == e‘f’ (i=1,2, - n),
Crpngti = € (i=1,2, - n),

evltl+n2+n3+i = 6(,-4) (i=1,2, -+, n),

is rational in £’; and, therefore, the domain B (R’; e, ¢;, -- -, €) is identi-
cal with the domain B (R’; e, e,, ---, ¢,).* The same is true if we substi-
tute 1 for one of the units of the first group.

Let us now suppose that the first group with respect to Z contains a second
idempotent number / belonging to B (R’; e, e,, ---¢,). We may then by a
transformation rational in R’ substitute for the second system of units, regular
with respect to I as the basis, a third system of units regular with respect to / as
the basis, each of the units of the third system belongingto B (R';e;,€;,---,¢.),
and therefore, to B (R'; e,, ¢,---¢,). The number of units of the third sys-
tem in the first group with respect to o/ is the number of independent hyper-
complex numbers in the aggregate Je®J fork =1,2,3,4andi=1,2,...,n,.
Since IJ = J = JI, we have

JEB S =JI- 60 - IJ = J - IePI-J =0

fork>1,i=1,2, ..., n,; and, therefore, the number of units of the third
system in the first group with respect to J/ cannot exceed n,. But, if

1
2 p— J= cle(l)+ cze(Zl) + PR + cﬂles'll)’
then

ny ny
DI =J D celJ=J(I—J)J=J—J=0;
t=1 i=1

and, therefore, the number of units of the third system in the first group with
respect to o/ is less than »#,. Thus ultimately, by repeated transformations each

*See p. 514 above.
1 See p. 512 above.
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rational in R’ we can feel free the first group of any idempotent number be-
longing to B (R’; e, e,,---, ¢,) other than the basis. In the system of units
which we shall thus ultimately obtain, we may take the basis as one of the units
of the first group. We have, therefore, the following theorem.

THEOREM (9). Let R’ denote the domain of rationality of any aggregate
of scalars including the constants v, of multiplication of the idempotent num-
ber system e,, €,, ---, e . Then, there is at least one idempotent number I be-
longing to B (R’ ; e, e, ---,¢,); and wemay, by a transformation rational
in R, introduce new units e, , e,, - - -, e, reqular with respect to I as the basis,
each of the new units belonging to B (R’ ; e, e, ---, ¢ ), and this domain
being identical with B (R’ ; e, e,,---,¢.). We may take I as one of the
units e, e,, ---, e,. If the first group with respect to I of the system
of units e, , e,, -+ -, e, contains a second idempotent number I' belonging to
B (R';e,e,, -, e),we may by a second transformation rational in R’
introduce a third system of units e, e, ---, €. (of which we may take I'
to be one) regqular with respect to I' as the basis; each of these units will
then belong to B (R’ ; e, e, ---, e.), this domain being identical with
B(R ;€,e,---,€); and the number of units in the first group with respect
to I' of the system €], e, , ---, € will be at least one less than the number of
units of the second system in the first group with respect to I.  Therefore, we
may introduce, by a transformation rational in R’', new units &, ¢,, - - -, €, requ-
lar with respect to an idempotent number I belonging to B (R’ ; e,y e,,---,€,),
and such that the first group with respect to I contains no second idempo-
tent number ; the domain B (R'; &, &, ---, €,) will then be identical with
B (R ;e,e, -re,). Wemaytake I asone of theunits of the final system.

After the substitution, by a transformation rational in R’, of a new system
of units, ¢P(k=1,2,3,4 and i=1, 2, ..., n,) regular with respect to an
idempotent number J belonging to B (R’; e, ¢,, - -+, ¢,), let us suppose that
the fourth group with respect to  contains an idempotent number o/ belonging
toR (R'; e,e, --,e). Bya transformation rational in R’ we may intro-
duce a third system of units regular with respect to /. The units of the third
system in the first groups with respect to JJ are, then, the independent hyper-
complex numbers in the aggregate JePJ for k=1,2,3,4andi=1,2,..-,n,.
But, since JJ = JI = 0, we have

47) IJePTJ=0=dJePJ I (r=1,2,3,4;i=1,2, -, m);

and, therefore, the units of the third system in the first group with respect to
are in the fourth group with respect to 7. The units of the third system in the
second group with respect to J are the independent hypercomplex numbers in
the aggregate Je) — Je®J for k=1, 2, 3,4 andi=1,2,.-.,n,. But,
by (44),
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(48) Je) — JePJ = oJ - Ie) — J - IeV -] = 0 (i=1,2, -, n),
(49) Je —JePT =oJ IeP - —J - Ie? - J=0 (i=1,2, -+, n);
and also

JP S =J 1 -J=0 (i=1,2, -+, n),

whence follows
(50) (JeP — JePT )T = Jed - I = JeP = JeP — JePJ (i=1,2, -, n).
Moreover, by (44), we have

(61) (JeP — JePJ V= JeP T=0 (i—1,2, -, n,).
Finally,
(52) I(JeP — JePJ) =0 (k=3,4;i=1,2, 3, 4).

Therefore, by (48) to (52), the units of the third system in the second group
with respect to / are each, severally, in one of PEIRCE’s four groups with respect
to J,—namely, in either the third or fourth group with respect to 7. Simi-
larly, we may show that each of the units of the third system in the third group
with respect to o/ is in either the second or fourth group with respect to Z; and
that each of the units of the third system in the fourth group with respect to
is in either the first, second, third, or fourth group with respect to 7. Since
1J = JI= 0, we may take both 7 and J as units of the third system. We
have, therefore, the following theorem :

THEOREM. 10. Let R’ denote the domain of rationality of any aggregate
of scalars including the constants of multiplication of the idempotent number
system e, e,, ---, e ; and let the units of the system be reqular with respect
to an idempotent number I belonging to B (R'; e, e, ---, ¢, ). Then, if the
Jourth group with respect to I contains an idempotent number belonging to
B(R'; e, e,---,e,),we may, by a transformation rational in R’', introduce
new units e;, e,, - -+, e, which shall be reqular both with respect to I and with
respect to J. Of this system we may take both I and J as units.

When R’ includes every scalar real and imaginary, this theorem reduces to
the theorem on which HAwkES bases his method for regularizing a number
system with respect to each of the idempotent numbers chosen as units.*

§4. Nilpotent hypercomplex number system.

Let e, e,, - --, ¢, be the units of a nilpotent hypercomplex number system.
Then, by theorem (3), every number of the system is milpotent. Further, by
theorem (8), if' 4 is any number of the system, SA = 0; in particular,

(53) Sel=S62=-~.=Se“___.0'

* HAWKES, loc. cit., p. 317.
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Conversely, if the scalar of each of any n independent numbers of any number
system in n units is zero, the system is nilpotent *. Whence, or directly from
theorem (3), it follows that every subsystem of a nilpotent system is nilpotent.

In consequence of a well-known theorem of SCHEFFERS’, relating to non-
quaternion number systems,t it follows that, in a nilpotent numbert system,
new units e, , e,, - -, e, can be so selected that

n
(54) €6, = v e (i,j=1,2,-n;h>i;h>j),
k=h

that is, such that the constants v;,
the conditions

(55) Yin=0% (i,i=1,2,n;k=i; k=j).
The transformation by which this choice of wunits is effected can be taken
rational in B[ B(7,,;); € €, - s e,]. For thisis true for n =1, in which
case ¢ =0. Again for n =2, if there is a number 4 = a ¢, + a,¢, belong-

ing to B [R(ry‘.jk); €, €, -+-, ¢, | whose square is not zero, we may put
e{ = A, e; = AZ,

of multiplication of the new units satisfy

when we have

2

’ ot oy ’2
e =e,, e e,=¢e e, =e, =0.§

If there is no number belonging to R [ B (1,,); e,, e, -, ¢,] whose square is
not zero, we have e e, + ¢,e, = 0 ;|| and, if ¢ ¢, 4= 0, we may put
! —_ ’ —_
el_el’ 82_8162’
when we have
/2 ’ ’ ’ ’ /2
¢ =0, €18, = 6,6, = ¢, =0;9

whereas, if e e, = 0 (in which case ¢,e, = 0), the identical transformation,
’ ’
e, =e, e, =e,
satisfies the requirements. Therefore, for » =1 and n = 2, new units can be

* Theorem (1).

1 Encyclopddie der Mathematischen Wissenschaften, vol. 1, p. 181.

t HAWKES, loe. cit., p. 323.

4 The non-vanishing powers of a nilpotent number are independent, PEIRCE, loc. cit., p. 114.
Therefore, 43=0.

|| For in the case supposed ¢; =0, €, =0, (¢, + ¢, )2 =10 ; whence follows e, e, - e,¢, = 0.

2 '2 ’ 2 spe
 We have e, =0, e, == 0, and ¢, e, = ¢] ¢, = 0 by supposition. If
7 ’ ’ N
€€ =€ 6y €, =0C € + Cre;=1c1€; 1+ Crep €3,
then since
2 2
O=ejey-€) =cr€) +Cy6165- €, =Cze1€5 €y,
. ’ . .
either eye; =€, e, - €, =0, or we have ¢, = 0, in which case ¢, e, - ¢, =c; ¢;, and, therefore,

0=-e6,-0,6,=0;0,0,,

that is ¢; =0.
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chosen to accord with (55) by a transformation rational in (v, ). Finally,
we may show that, if new units can be selected to accord with (565) by a trans-
formation rational in £ (vy,,) for every nilpotent system in less than 7 units, the
same is true for the given system in » units.

In demonstrating this theorem, I shall assume that, for every nilpotent num-
ber system in less than 7~ units, new units can be obtained by a transformation
rational in R (v,,) to accord with (55): first, I show by the aid of theorems (i)
to (iii) below, irrespective of the rationality of the transformation for a system
with less than » units, and without recourse to the theory of groups, that in any
given nilpotent system with » units there are numbers (one or more) nilfacient
and nilfaciend to every number of the system; second, that certain of these
numbers belong to B [B(v,,); ¢, €, -, ¢,], follows from simple con-
siderations; third, from the existence of such numbers belonging to
BR[B(v,); €€, - »e,], the lemma given at the end of this section, and
our assumption, it follows that the theorem assumed for less than » units is true
also of the given nilpotent system with n units.

Let now 4 =3 i=la,e;,+ 0 be any number of the nilpotent system
€, €, -+, e . Then,since 4 is nilpotent, it is nilfacient to at least one num-
ber of the system. Let 4 be nilfacient to just m independent numbers, as
A, A4, ---, A, of the system. Then, in the first place, 4 is nilfacient to
any number linear in 4, 4,, --., A . Secondly, these numbers form a sub-
system by themselves. For, if m =n, e, e, ---, ¢ can be expressed linearly
in 4,, 4,, ---, A, ; on the other hand, if m < n, and,for 1 =i=m,1=j=m,
we have

A4,4,=%cd,+ B,

where B is independent of 4, 4,, .-, 4, then

0=AAIAJ= AA@AJ=’§ChAAh+.AB=AB,

which is contrary to supposition.* The system 4, 4,, ---, A being identical
with e, e,, ---, e , or a subsystem of the latter, is nilpotent. We may now
interchange the order of multiplication and the terms nilfacient and nilfaciend,
when we have

TaEOREM (). If A is nilfacient (nilfaciend) to m hypercomplex numbers,
4, A,, ---, A, it is nilfacient (nilfaciend) to any number linear in
_Al, A2 I |

me

THEOREM (ii). Any number A 3= 0 of a nilpotent system ¢, e,, - -, €, is

*CARTAN, Annales de la Faculté des Sciences de Toulouse, vol. 12 (1898).
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nilfacient (nilfaciend) to just m independent hypercomplex numbers, where
1 = m = n, and these numbers form a nilpotent system by themselves. *

Let A # 0 be nilfacient or nilfaciend to just m < n independent numbers of
the system e, e,, ---, ¢, as A,, A,, ---, A . Then by theorem (ii)
A, A4, -, A form by themselves a nilpotent subsystem ; and, since m <n,
by our assumption, this subsystem contains 2 independent numbers
A, 4,,.--, A such that

(56) A dj =2 a, A, (i,5=1,2, -, mih>i5 R>5).
k=h

I shall now show that there is a number B independent of 4, 4;, ---, A/

such that

(57) BA:=bnA;+b.'2A;+"'+b.'mA,'n (i=1,2, -, m).

First, if there is any number B such that B = B A, is independent of the
A"s, then since, by (56),

there is a number B independent of the A"’s satisfying equations (67). We
may, therefore, assume that the product of any number of the system e , ¢,, - - -, €,
multiplied by A as post factor is linear in the 4”s. Second, if there is any
number B _, such that B= B, _ A’ | is independent of the A"s, then since,
by (56),

BA:' = ‘Bm—l‘A, 1 'A; = 'Bm—l 'A:n—lA; =a

m—

and both BA/ and B; | A/ are linear in the A”’s by supposition, it follows
that there is a number B independent of the A”s satisfying equations (57).
We may, therefore, assume that the product of any number of the system
e, 6, -+, ¢, multiplied by A; (i=m —1, m) as post factor is linear in the
A”s. Proceeding thus, we find either a number B independent of the A"’s
satisfying equations (67); or that the product of any number of the system by
A;(i=2,8,.--,m) as post factor is linear in the 4”s. We may, therefore,
assume that the last is true. Finally, if there is any number B, such that
B = B, A, is independent of the A"’s, then since by (56),

B, _ A (i=1,2,-,m—1),

m—1im = m—

BA; = BIA; 'A; = Bl'A;A; = Zalik‘Bl'A‘l’c (i=1,2, -, m; 2=02>1),
k=h

and since B A, for k = 2 is linear in the A"’s by supposition, there is a num-
ber B independent of the A"’s satisfying equations (67). If there is no such num-
ber B, then the product of any number of the system by 4;(i=1,2,-..,m)
as post factor is linear in the 4’’s; and, therefore since m << n, there is a num-

* CARTAN. See preceding note.
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ber B independent of the A”’s satisfying equations (57). Similarly, we may
show that there is a number C independent of the A"’s such that

(68) A;C=c A, +c, A, +---+¢c, A (i=1,2, -, m).

Since B is nilpotent, some power of B is linear in the 4”s. Similarly, some
power of C is linear in the A”’s. Let B? and C?, respectively, be the highest
powers of B and C independent of the A"’s; then

(59) Bril=B A+ B4, + -+ 8,4,

(60) CHl=md+md,+ -+ 7,4,

From (57) and (58), we derive

(61) BrA, =024 +0DA, + - -+ BPA (i=1,2,--,m),
(62) A[CT= DA + QA+ DAL (=12 -y m),

Therefore, by (56), (69), and (61),

A BB=A, B+ =0,

(63) . (i=1:2)"')m);
A BrA =A -BA =0

and, by (566), (60), and (62),

C- 04, = C - 47 =0,
(64) (i=1,2,---,m).
A CIA = A0 A7 =0

m

Let us now assume, first, that AV = A’ B? 4= 0.* This number is then, by
(63), nilfacient to at least m + 1 independent numbers 47, 4;,---, 4., B;
and is, moreover, nilfaciend to A4;, 4;, ---, A’ . If A®= A’ B is nilfaciend
to some number independent of the A’’s, it is, then, also nilfaciend to at least
m + 1 independent numbers. On the other hand, if A® = A/ B* is nilfaciend
to no number independent of the A’’s, then, since C? is independent of the
A’s, AP =C14' B* 4+ 0. But in this case, the number A® = (4 B* is
nilfaciend to at least m + 1 independent numbers, since by (64),

C. C'A, Br=C A B =0,

(i=1,2, - ,m);
A Q1A B = A[CA,. B =0

and is, moreover, nilfacient to at least m + 1 independent numbers, namely,
A,A,, -+, A, B. Second, let A’ B? = 0, then since B? is independent of

“m?

the A”s, A® = A is nilfacient to at least m + 1 independent numbers. If

Since 4;,, may be nilfacient (or nilfaciend) to numbers of the system other than
A;, Aé, o A

!, it may happen 4/, B? =0 (or 94, =0).
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now A® = A’ is nilfaciend to some number independent of the A"’s, it is, then,
also nilfaciend to at least m + 1 independent numbers. On the other hand,
if A® = A/ is nilfaciend to no number independent of the A"’s, then, since C?
is independent of the A”s, A® =(C?4/ 4 0. But in this case, the number
A® = C?4], which is nilfacient to at least m + 1 independent numbers
(namely, those to which A’ is nilfacient), is also niifaciend to at least m + 1
independent numbers, since by (64),

C 014, =0 Al =0,

(i=1,2,:--,m).
A C1A, =A,C1 A, =0

‘Whence follows

TreoreM (iii). If the number 4 4 0 of a nilpotent system is nilfacient
(nilfaciend) to just m <<n independent numbers, there is a number A4’ nil-
facient to at least m + 1 independent numbers and nilfaciend to at least m 4 1
independent numbers.

Let now A4 = 0 be any given number of the system, then, by theorem (ii), 4
is nilfacient to at least one number and nilfaciend to at least one number of the
system. Therefore, if A is not both nilfacient and nilfaciend to » independent
numbers, it is either nilfacient or nilfaciend to just m << n independent numbers,
in which case, by the last theorem, there is a number A’ nilfacient to at least
m + 1 independent numbers and nilfaciend to at least m + 1 independent num-
bers. Therefore, if A’ is not nilfacient and nilfaciend to » independent num-
bers, it is either nilfacient or nilfaciend to just m’ < n independent numbers.
But, since m’ = m + 1, proceeding thus, we must ultimately obtain a number
both nilfacient and nilfaciend to » independent numbers, and, therefore, nil-
facient and nilfaciend to every number of the system.

The conditions necessary and sufficient that 4 = Y i="a,e, shall be nilfacient
and nilfaciend to every number of the system are, by theorem (i),

n n n
22 avpe, =2 aee=Ae=0 (=12, n),
. i=1 k=1 i=1
that is,
al'yijk+a2'ym+---+anfy"jk=0 (j,k=l,2,-~~,n),
and
n n n
Zzai')'uk k=zaiejei=ef‘A=0 =12 m),
. i=1k=1 i=1
that is,

al'Yjw + az'ng,,. + -+ an’ank =0 (]v k=1,2,--, ”)~
Since there is at least one such number A4, there is at least one such number
A4 belonging to B[ B(v,); €€, --¢,]. We may, therefore, by a trans-
formation rational in R(ryﬁk), introduce new units e, , e;, - --, e, such that

r v .
ee=0=c¢ee (i=1,2, -, n),

0
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the constants y;, of multiplication of the new units being rational in Z(y,,).
By the lemma given below, there is, then, a nilpotent number system

@, €y, -+ &, _, such that .
n—

Eiéj‘_‘;'yiﬂcék (i, j=1,2, -, n—1).

By our assumption, we may introduce into this number system, by a transforma-
tion
(i=1,2, -, n—1)
k=1
rational in & (1}, ), and, therefore, rational in R(fyij,‘), new units &, ¢,, --+, ¢,_,
to aceord with (55), that is, such that
: o
T = e, (HG=1,2, 15 A5 ),
h=h
When, by the lemma, if

’ . N
¢; =E'rikek (i=1,2,-,n—1)

we have

=1

6 = 2+ e (L= 2 R R>),

e =0=¢'e’ (i=1,2, -+, n).

n ot TN

This transformation is also rational in R(fy:.jk) and, therefore, in 22 (V)3 and,
thus, by two successive transformations, each rational in Z2(1y,, ), we may obtain
a system of units whose multiplication table accords with (55).*

THEOREM 11. In any nilpotent number system e,, €,, -- -, e, we may sub-
stitute, by a transformation rational in R (vy,,), new units ¢, e,, - -+, e, such
that

n
ee =;7ijke; (6,5=1,2, -y n; h>i; h>j).

Leuva. Lete,e,, ---, ¢, be any number system for which
ee=0=c¢e, (i=1,2, -, n).

Then, denoting by v, the constants of multiplication of this system, there is a
number system ¢, €,, - -+, ¢,_, in 7 — 1 units such that

n—1

8.8 = 2 9,8 (i, j=1,2,---,n—1),

<.

*Since the constants of multiplication of the system €)', €, , - -+, ¢, are rational functions of
the coefficients of the transformation for the domain R( 7, ), they are rational in the domain
R (yie).
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€,, - -+, e is nilpotent. Moreover, if we

é._, into the respective systems

e, €, --,e and ¢, &, ---, &_, by transformations
n—1
€= 9. Tae, e =e, (i=1,2,---,n—1),
k=1
and
n-—1
6= 7,6, (i=1,2, -, n—1);
1k=1
and, if
n
0;8}=;1')’:,~ke; (i,j=1,2,--+,n),
n-—1
éié}=2f-yiikéllc (,j=1,2,---,n—1),
then
'Ytﬂ. '791. (i, jh k=1,2,---,n—1).
Forlete,e,, - -, e, be the units of any hypercomplex number system such
that
'ynii=0=7inj (ivj=112t"'vn)v
that is, such that ¢ ¢, =0 =e¢,e, for i=1,2, ..., n. Then
n—1 n—1
Z Yint Virn = Z YireVir. F Viwt Vi = Z YinVien = Z Yisn Vira
n—1 n—1
= Z'Y.,h'yhu F Via Yo = Z'yyh'yhu (4,4, K, 1=1,2, .-, n—1),
which is the condition necessary and sufficient that a number system
€,, &, - -+, €,_, shall exist such that
n—1
éi_j=h= 'Yz,héh* (4,j=1,2,---, n—1).
Let
(ae +ae + +anen)(be +b6 + +bu n)=(clel+0262+“'+cnen)’

(al e+ -
Then, since

+ an—l en—l )( bl el +

o + bn—len—l) = (Elél + e + 6n—lén—l)’

n—1 m—1

._; JX_ia,b,m (k=1,2, -, n—1),
and
K n—1 n—1
=Z Z Vor = 2, 2 by (k=1,2,--,a—1),
we have = e
. =¢C, (k=1,2, -, n—1).

* See p. 515 above.
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Let now & ,¢e,,---,¢._, and ¢, e}, ---, ¢, be new systems of units of the
respective number systems ¢, é,, ---, ¢,_, and e, e, ---, e , obtained, respec-

tively, by the linear transformations 7 and 7" of non-zero determinant defined,
respectively, as follows,

6, =Ty + 7,6+ -+ T8, (i=1,2,--,n—1),
and
4 ’ > ...
€, =Ty + Tu€,+ -+ Ty 16,15 e, =¢, (i=1,2,'",n—1),
and let

n—1 n—1 n—1

é;ej=h 'Y,,;.eh—z Z'Y.jh Twb (L7=1,2,--,a—1),

n n—1 n-—1

=z:l ‘fhe _Z ’;(yuh‘rhke +'yi]n n (i’j=l’ 2"“"”_1)'

Then, by what has just been proved,
n—1
hz'yuh = Z’Y,Jh e (i k=1,2, -, n—1)
and therefore
Vi = Vi (4,j=1,2,n—1);
for, otherwise, the determinant of 7" is zero, which is contrary to supposition.

The number systems e, e,,---, e, and &, &,, - --, €,_, have the same number
of independent idempotent numbers. For, if

(65) (aPe,+ -+ ale, ) =dle + -+ ale, (k=1,2,---,m),
then

n—1n—1
(66) aﬁf’)—ZZa“‘)a(")ryw (k=1,2,--+,m),
and =
(67) (a(lk)él+ Elkllén—l)2=a(lk)él+ "'+a5.121-n—1 (k=1,2,---,m).

Conversely, from (66) and (67) we obtain (65). Moreover, if
ad e .. d|
|

@@ @ ... d®

=0,
(ne) (m) . (m)
al aZ o an |
then
U atD (O (1)
jal a2 an— ':
n—1

. . . . . .

* a(lm) agu) .. (m)

a ap - a? |
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and, conversely, by (66). Whence it follows that, if e, e,, - - -, e is nilpotent,
so also is &, &,, ---, €,_;; and conversely.*

§5. Hypercomplex number system with but one idempotent number.

Lete,,e,, ---, ¢, be the units of a hypercomplex number system with one

and only one idempotent number
I=> ale,
i=1

in particular, e , ¢e,, - - -, ¢, may be the units of the first group with respect to
I of a number system in »’ = n units; and let &’ denote the domain of ration-
ality of any aggregate of scalars including the constants «,, of multiplication of
the number system. Then, by theorem (5), 7 belongs to B(R'; e, e,, ---, €,).
Let

A=3 ae,
=1
be any number of the system, and let

then
C*=0, IC= C, CI=0.

If C =+ 0, there is a second idempotent number in the system, namely, 7+ p ('
for any scalar p 4= 0. For, we have

(I+pCY=I+4+p(IC+ CI)+ p*C* =1+ pC;
and, if 7+ pC = o1, then
l1=o)I=[(1—0)I+pC]I=0;

thus, o = 1 and, therefore, p = 0, which is contrary to supposition. Therefore,

TAT— T4 =0.
Similarly, we may show that

TAT— AI=0.
Whence it follows that
(68) ITA = TAT= AT;

that is, every number of the system is commutative with 7.

*Or, otherwise, as follows. We have

n n—1 n
270%_— EYijjq Z)'w:O (i=1,2,..., n—1).
Jj=1 Jj=1 j=1

Therefore, if Se;=0(i=1,2, ---n), then S&;=0 (i=1, 2, ---n—1) ; and, conversely. See
theorem (11).
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By theorem (5) any number 4 of the system is separable in one and only
one way into the sum of a scalar multiple of 7 and a nilpotent number. Let

(69) A=al+ N

where &V is nilpotent. Since V is commutative with 7, it is also commutative
with 4.*

By theorem (1),
(70) S84 = 8S(al+ N)=aSI,

where S7 4 0. Therefore, if SA =0, a =0, and 4 = X is nilpotent; con-
versely, if A is nilpotent, S4 = 0 by theorem (8).}
Since IN = NI, IN is nilpotent. Therefore,

(1) SIAd=S8-I(al+ N)= S(al+ IN)=aSI= SA.
Let now A be nilpotent. Then
SIA =84=0,

and 74 is nilpotent; and, therefore, there is a smallest positive integer p for
which (/4)?=0. Let B be any second number of the system. If p=1,

then
SAB= S8(I-AB)= S(IA-B)=0.

On the other hand, if p > 1, and

AB =pIl+ N,
where N'™ = 0, then

and, therefore,
p(IAY + (TAYP'N' = p(LAY T + (LAY IN' = (IA )y (pl + IN")
=(lAyYB =0,

*See theorem (5). Further, if 4 is not nilpotent, N—=A4 —al=A4 — oaf (4 ) ; whereas, on
the other hand, if 4 is nilpotent N— A, see p. 529. Therefore, in either case, N is a polyno-
mial in 4.

t Again, since 4 is separable in but one way into the sum al 4- N of a scalar multiple a of I
and a nilpotent number N, 4 is nilpotent if and only if « =0, and, therefore, if and only if
84=0.

Let 2 (4 ) =0 be the fundamental equation of the number 4 of any given idempotent num-
ber system ; and let m, be the greatest number of distinct roots, other than zero, of 2 (2) =0
for any number 4 of the system. Then the condition necessary and sufficient that an arbitrarily
given number 4 of the system shall be nilpotent is 84?7 =0 forp =1, 2, - .-, my. If the given
idempotent system contains but one idempotent number I belonging to B ( R/; e1, €2, -+ -, €n),
where R’ contains R (i) and 4 belongs to i( R’; e, €, -+, &x), Q(2)=2[Q,(2)]n,
where ©,(2) is irreducible with respect to R’; and, therefore, if m, is the highest degree of
2, (2 ) for any number 4 of the system, the condition necessary and sufficient that 4 shall be
nilpotent is S4?==0forp=1,2, -+, m,.

Am, Trans. Math. Soc. 36
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that is,
(IAYP-'N' = — p(IAYy;

whence follows
(=P (IAy~ = (= p)" " (TAP~'N' = .. = —p(JAy"'N "

= (IA)”“N’"" =0;
and, thus, p = 0. Therefore, also for p > 1

Whence it follows that AB is nilpotent if A is nilpotent; and, since
SBA = SAB, BA is also nilpotent if 4 is nilpotent.
If SA=0, SB=0, then

S(A+ B)=S4+ SB=0;

and, therefore, the sum of two nilpotent numbers is nilpotent.
Let A and B be any two numbers of the system. Since

S(SIT-4A—SA-I)=84-8T— 8SA-8I=0,
and, therefore, S7- 4 — SA4 -1 1is nilpotent, by what precedes,
SI-SAB—~ SA-8B=S8I-SAB—SA-SIB=S(SI-A—SA-I)B=0,
that is,
(72) SI-SAB= S4-8B.

Let
N'=(A—al)"=0.

Then, if SA & 0, and thus a & 0,

(D)) oo ()

=I+(—1)”‘<E> I=1;

a
and, therefore, if

(13) A<‘>E§[I+ (I— i:i) + (1_ i:l)g,L N (1_ é)m_l]l

we have
(74) AVA = T = AAOV,

If 4 belongsto B (R'; e, e,,---,¢,), where 2’ contains R (fy.jk), then &V

1,

belongs to this domain and a is rational in &’ by theorem (5); and, therefore,
in this case, A® belongs to B (R'; e, ¢,, -+, ¢,).
By theorem (6) the number system contains n» — 1 independent nilpotent
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numbers which belong to R(Z’; e, ¢,, -+, ¢,), where B’ contains R (v,,).
The system cannot contain » independent nilpotent numbers 4, 4,, ---, 4.
For, we should then have
I=cd +c,d4,+---+c A, ;
and, therefore
SI=¢c¢ SA, +¢c,84,4+---+¢, S84, =0,

which is impossible.* We may take as units of our systeme, = /andanyn — 1
independent nilpotent numberse,, ¢,, - - -, e,_ belonging to B (R'; e ,¢,,---,¢,).
The numbers e;, e, ---, e,_, form a nilpotent system by themselves. For, let

e;e} = 'yzjle; + 7:‘_;26; + vt + 'y;jn—ler/z—l + fy;jne;z (in:I’ 2’ T n—1 )‘
Then, by (72),
81 (i,J=1,2, -+, n—1);

in

S.

and, therefore,

1 , , o d ’ ’
0= Sei~Sej= Seiej=;7ijksek=ry

'Yijn=0 (i,j:l,2,~~,n).

Moreover, since Se; =0 for i=1,2,...,n—1, the system e;,e;,---,¢ _,
is nilpotent.

By theorem (11) we may substitute for the units of this nilpotent subsystem
n — 1 units €], €3, - --, €,_, such that

n—
s ’’

1
eiej =k=h(y,i;.kek (i, j=1,2,---,n—1; h>i; h>j).
We have now the following theorem, the latter part of which includes theorem

IV of the Introduction.

THEOREM 12. Let the hypercomplex number system e, e,, ---, e, contain
one and only one idempotent number I; and let A be any number of the sys-
tem. Then IA = AI; and the condition necessury and sufficient that A shall
be nilpotent is SA =0. If B is any second number of the system, we have

SI-SAB= SA-S8B.

Furthermore, the sum of two nilpotent numbers is nilpotent, and any product
is nilpotent of which one factor is nilpotent.t Finally, if R’ denotes the

*This suffices to demonstrate the theorem proved in the next paragraph. For let
A,, Ay,---, An—1 be any n—1 independent nilpotent numbers of the system. Then, since
4;4; (1=i=n—1,1=j=n—1) is nilpotent, it is linear in 4,, d,, -+, 4,1 ; otherwise,
there are n independent nilpotent numbers in the system.

t For any given hypercomplex number system containing but one idempotent number belong-
ing to B (R'; e1, ez, -+ -, ex ), where R’ contains R (yy ), it is also true, for numbers belong-
ing to this hypercomplex domain, that both the sum of two nilpotent numbers, and.any product
of which one factor is nilpotent, are nilpotent.
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domain of rationality of any aggregate of scalars including the constants
Vi Of multiplication of the system, there are systems of just n — 1 independent
nilpotent numbers belonging to B (R'; e, e,, -+, ¢,); and by a transforma-
tion rational in R’ we may substitute new units e, = I, and n—1 nilpo-
tent numbers e, e,, - -+, e._, such that

n—1
’ ’ 4 ’ . . . .
e‘.ej=z'y,.ikek (4,j=1,2,---,n—1;h>i; h >j),
. ’ o .
euei=ei=(’ien (2'1:1‘21“"")’

the nilpotent numbers ¢, , ¢,, - -, e._, thus forming @ nilpotent subsystem.

It follows as a corollary of this theorem that, in a number system regular with
respect to an idempotent number 7 and containing no second idempotent num-
ber in the first group, no product of a number in the second group as facient
and a number in the third group as faciend can contain a term involving 7 unless
the fourth group contains one or more indempotent numbers.
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